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Let  k  be  a  differential  field  in  one  variable  of  characteristic  zero. 
The  derivation  operator  of  k  into  itself  will  be  denoted  by  ' ,  that  is,  the 
derivative  of  x  i3  x'.  Elements  of  k  of  derivative  equal  to  zero  are 
called  constants;  they  form  a  subfield  of  k  called  the  subfield  of 
constants  and  are  denoted  by  C(k). 

Let  K  be  a  differential  extension  field  of  k  such  that  K  =  k(t)  for 
some  t  e  K.  t  is  called  elementary  over  k  if  the  field  of  constants  C(K) 
is  equal  to  C(k)  and  t  is  such  that: 

* 

( 1 " ;  t'  *  a'/a,  for  some  a  e  k  .  In  this  case,  we  write  t  -  log  a 
and  call  t  logarithmic  over  k. 

(2")  t'  »  a't  for  some  a  e  k.  In  this  case,  we  write  t  -  exp  a 
and  call  t  exponential  over  k. 

For  a  differential  extension  field  K  of  k  such  that  K  -  k ( tp 1 1 )  for  two 
elements  t  and  <ji  e  K,  t  is  called  dilogarithm. c  over  k.  If  C(K)  -  C(k), 
and  t,  are  such  that: 

3  a  e  k  {0,1},  t'  -  -  <i>,  where  -  ' fi  * 

we  write  t  -  J,2(a)  and  call  t  dilogarithmic  over  k.  Also,  we  assume  that 
C(K)  -  C(k) . 

Remark:  We  observe  that  the  above  definition  does  not  imply  that 
t'  e  k  since  is  not  assumed  to  be  an  element  of  k.  A  differential 
extension  field  of  a  differential  field  is  said  to  be  dilogarithmic- 
elementary  if  there  exists  a  finite  tower  of  intermediate  fields  starting 
with  the  given  small  field  and  ending  with  the  given  extention  field, 
such  that  each  field  in  the  tower  after  the  first  is  obtained  from  its 
predecessor  by  the  adjunction  of  a  single  element  that  is  elementary  over 
the  preceding  field  or  by  the  adjunction  of  two  elements  t  and  t',  where 
t  -  Z2(a),  and  a  is  an  element  of  the  preceding  field. 


If  K  is  a  differential  extension  of  k  such  that  K  -  k(t)  for  some 
t  e  K,  and  t*  •  a  e  k,  we  call  t  primitive  over  k  and  write  t  -  /  a. 

And,  finally,  if  k  is  a  differential  field  of  characteristic  zero, 

K  is  a  differential  field  extension  of  k  3uch  that  K  -  k(t,$,<i»),  and: 

t.  .-ii.  »  ♦  -  fr--  ai-  0,  a  e  k  {0,1} 

(1  —  a) *  a' 

where:  ^  ^  and  »  — 

we  write  in  this  case: 

t  -  l2(a)  +  j  log  a  log(1  -  a)  =»  D(a) 

and  we  assume  also  that  C(K)  »  C(k). 

We  recall  now  a  version  of  Ostrowski's  theorem  which  is  useful  in  all 
the  upcoming  proofs. 

Theorem:  (Ostrowski  [ _ ].  See  also  Kolchin  [ _ ].)  Let  k  be  a 

differential  field  of  characteristic  zero  and  let  K  -  k(log  v|(...,log  vn), 
where  vi  e  k  (1  <,  i  $  n)  and  C(K)  -  C(k).  ,  Assume  that  log  vJ#  ...  ,  log  vr 
(0  £  r  i  n)  are  algebraically  independent  over  k  and  that  K  and 

k(log  v . log  vr)  have  the  same  transcendence  degree  v  over  k. 

Then,  there  exist  c^j  e  C(k)  (1  i  i  <;  r,  r  <  j  £  n) ,  Sj  e  k  (r  <  j  £  n) 
such  that: 

r 

log  Vj  -  l  Cjj  log  vi  +  Sj,  for  J  e  {r+1,...,n} 

and  if  r  -  0,  log  vg  e  k  for  all  s  e  {1,...,n}. 

Definition:  Given  two  differential  fields  k  K,  we  say  that  K  is  a 
Liouville  extension  of  k  if  there  exist  e  K  such  that 

K  -  k(tj . tn)  and  each  tA  is  either  algebraic,  elementary,  or  primitive 

over  k(tj . t1_1 ). 

We  recall  now  a  useful  lemma  due  to  Singer  [  ]. 
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Lemma:  Let  k  K  be  differential  fields  of  characteristic  zero  with 
the  same  field  of  constants  C  supposed  to  be  algebraically  closed.  Assume 
that  k  is  a  Liouville  extension  of  C  and  that  K  is  algebraic  over  k. 

Suppose  that  ct . cn  £  C  are  linearly  independent  over  Q,  that 

ul(...u  e  K  ,  v  e  K,  and  that  we  have: 

f 

n  u ^ 

l  c.  —  +  V'  e  k 
i-1  ut 

Then,  v  e  k  and  there  is  a  non-zero  integer  N  such  that  u^  e  k, 

i  *  1 , . . . ,n. 

Definition:  Let  k  be  a  differential  field  of  characteristic  0.  We 
call  an  expression  S  a  simple  elementary-dilogarithmic  expression  over  k 
if: 

S  -  g  +  l  ci  log  wt  +  l  [Sj  log(1  -  hj)  ♦  tj  log  hj  +  djD(hj)] 
i  el  j 

where  I  and  J  are  finite  sets,  g,  w^,  s j ,  t j ,  hj  e  k,  and  Cj,  dj  are 
constants. 

Lemma  1 :  Let  k  be  a  differential  field  of  characteristic  0,  which  is 
a  Liouville  extension  of  its  subfield  of  constants  assumed  algebraically 
closed.  Suppose  that  we  have  an  expression  of  the  form: 


(f  •  g  ♦  l  c,  log  w,  ♦  l  Csi  logo  -  h, )  ♦  t,  log  h. 

iel  JeJ  J  J  J  J 


♦  djD(hj)] 
0.1) 


where  I  and  J  are  finite  sets,  f  e  k,  s j ,  t j ,  g,  and  w^  are  algebraic 
over  k,  hj  e  k,  and  c^ ,  dj  are  constants. 

Then,  we  can  write  /  f  »  S,  where  S  is  a  simple  elementary- 


dilogarithmic  expression  over  k.  (So,  we  get  g,  w^,  Sj ,  tj  in  k  instead  of 
being  algebraics. ) 
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Proof;  Let  K  be  a  finite  normal  algebraic  extension  field  of  k  that 
contains  g,  (i  el),  s  j ,  tj  (j  e  J)  (the  smallest  normal  extension 
k(g»wIt . . . ,Wj , . . . ,s  lf . . . ,Sj , . . . ,t  |t . . . ,tj ) ) .  Consider  the  vector  space  E 

over  k  spanned  by  the  vectors  1,  log  hlf  ...  ,  log  hj . log(1  -  h^, 

...  ,  log(1  -  hj),  ...  .  Then,  we  choose  among  these  vectors  a  k-basis 
( 1 ,e j , . . . ,eN)  for  E.  By  Ostrowski's  theorem,  we  can  write: 


N 

log  h.  -  l 
m-1 


log(1  -  hj) 


ajmem  +  pj 
N 

£  bjmem 
m-1 


ajm  e  C,  Pj  e  k 
bjm  e  C’  Qj  e  k 


(*) 


We  claim  that  1,e, . eN  are  still  linearly  independent  over  K. 

Otherwise,  and  by  Ostrowski's  theorem,  there  exist  constants  (2  £  m  £  N) 
and  Q0  e  K  such  that: 


N  N 

e i  l  arae®  +  Qo  ”>  e!  *  l  +  Q’o  (1-2) 

m-2  m-2 

By  assumption,  em  -  log  Hm  (1  $  m  <,  N),  where  Hm  e  {(1  -  hj) , . . .  ,h,, . . . } . 

Let  Yfl  -  1 , Yj , . . . , Yp  be  a  vector  space  basis  for  the  Q-span  of 
1  ,  otj,  •  *  • ,  Op,  and  write: 
r 

am  “  I  nmi  Yi 
1-0 


with  each  e  Q.  Replacing  each  y^  by  Y^/LCD(nmi)  if  necessary,  we  can 
assume  e  Z  (where  LCD  means  least  common  denominator). 

This  implies  that  1  -  n,T0,  so  we  can  write  (1.2)  as: 


(h"‘)' 

t ,  n  i 


r 

l 

i-0 


(h"21h“31, 


HnNl)' 
,mN  ; 


un2ian3i  HnNi 

H2  HJ  *"HN 


which  can  also  be  written  as: 
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(H;n  .  .h£N0)  •  r  . .  .H^1 ) 

Y°  H"niH;**...HSM0  +  ^  Yi 


,n2iHn3i  „nNi., 


..H™0  i-1  1 


+  Q0  -  0  (1.3) 


Using  Singer's  lemma,  we  deduce  that  Qfl  e  k.  Investigating  (1.1)  again, 
we  get: 


ei  -  Z  “me m  +  Q< 
m«2 


with  Q0  e  k,  e  k  C  *  C.  This  is  a  contradiction,  since  the 
(1  £  m  £  N)  and  1  were  assumed  to  be  linearly  independent  over  k. 
So,  l,elf...,ej|  are  linearly  dependent  over  K. 

Now,  we  write  (1.1)  in  terms  of  the  relations  (»): 


f-  M  «o  +  l  rmem  +  l  djD(hj)  +  l  ci  l08  wi 
!  m-1  j  eJ  iel 

(where  g0  e  Kt,  rm  e  K). 

Taking  the  derivative  of  the  previous  relation,  we  obtain: 


(1.4) 


w,  N 


f  ”  go  +  I  ci  w,  +  \  rmem  +  E  rmem  2  j.  dj  h,  log(1  ”  h  j  J 

iel  i  m-1  m-1  1  eJ  J 


1  (1  ‘  hj}’ 

+  2  l  dj  17~  h'T  log  hJ 
*  jeJ  u  V 


(1.5) 


Using  again  the  relation  (*)  for  log(1  -  h j )  and  log  h j ,  and  assembling 
coefficients  of  (1.5)  according  to  the  K-basis  ( 1 ,e t , . . . ,eN) ,  we  obtain: 

w!  N  .  h' 


.  »  v  "i  _  “j 

f  ■  g„  ♦  )  c»  —  +  )  r_e_  -—Yd.  —  q, 
0  ,  Lr  i  w,  ‘■  mm  2  ,L,  J  h, 

iel  1  m-1  j  eJ  J 


1  (1  -  V' 

*2  J-  dJ  (1  -  hf)  p J 

j  eJ  J 


(1.6) 


(the  above  is  the  coefficient  of  the  vector  1),  ana: 
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(1  -  h4)' 


rm"  *  IdJbJmh7+  ^  ldJaJ-n  TTHTT  “  °>  1  ^*7) 

j  eJ  J  j  eJ  J 

(the  above  is  the  coefficient  of  the  vector  em). 

From  (1.7),  we  deduce  that  rm  e  k  (using  Singer's  lemma  and  exactly 
the  same  argument  used  in  the  above  proof). 

Assume  that  M  -  [K:k].  For  any  <j  e  Awt(K/k),  we  have  (using  1.6): 


f  =  o(f)  -  o(g’0)  *  1  ci 

r  el 


o(w,  )•  N 


o(w,  >  m  , 

i-  m=1 


r  •  1  r  .  “J 

^  rmem  2  •  ,  dJ  h,  qj 

j  eJ  J 


i  d  -  h. ) ' 

**jL  dj  >'  -  hj>  Pj 


Taking  the  sum  over  all  the  o's  in  Awt(K/k),  we  obtain: 


Mf  -  l  o(g0)  *  l  oL  l 


a(wi ) * 
o(w^ ) 


+  M 


N 

1 

m-1 

which  implies  that: 

Tr(g«) 


(1  -  h, ) ' 


t  1  j  1  j 

I  rmem  “  2  J.  dJqJ  hT  +  2  J.  dJPJ  (1  -  h~) 
-1  jeJ  J  J  eJ  J 


-  f  +  ( 


M 


a,  ct  N(w. ) ' 


N 


h 


(1  -  h,)' 


Y  «  1  y  .  j  1  Y  H  n  J 

J-  rmem  2  E  dj h  +  2  ^  dJPj  (1  -  ITT) 

m«  1  j  e J  J  j  e J  J 

where  Tr(  )  and  N(  )  are  the  trace  and  norm  maps,  respectively,  from 
K  to  k. 


(1.8) 


Now,  multiplying  (1.8)  by  1  and  each  (1.7)  by  cm,  adding  them  using 
again  relations  (*),  and  integrating,  we  get: 


Tr(g#) 

M 


+  l  7T  iQg  N(wi}  +  2  rmem  +  l  djD(hj) 

iel  m-1  j  eJ 


(1.9) 
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Note  that  Tr(g0)/M  e  k  and  NCv^)  t  k,  and  also  em  -  log  H  ,  where 
Hm  e  {h1,ha,...,1-hl,1-h2,...}.  So,  the  right-hand  side  of  (1.9)  is  a 
simple  elementary-dilogarithmic  expression  over  k,  which  is  what  we  wanted 
to  prove. 

Definition;  Let  k  be  a  differential  field  of  characteristic  zero. 

K  is  a  finite  algebraic  extension  of  kJt  and  log  hlt...,log  hffl  are 

logarithmics  over  k  (that  is,  h1,...,hm  e  k).  Assume  that 

C(k)  -  C(K(log  h|t...tlog  hm)).  We  call  L  a  linear  logarithmic  expression 

over  K(log  hj . log  hm)  if; 

m 

L  -  l  Ci  log  h,  +  r 
i-1 

where  the  ^  are  constants  and  r  e  K.  L  is  said  to  be  dependent  on  log  hj 
0  S  J  S  m)  if  cj  *  0. 

Proposition  1 :  Let  k  be  a  differential  field  of  characteristic 
zero  which  is  a  Liouville  extension  of  its  field  of  constants  C  assumed 
algebraically  closed.  Suppose  that  f  e  k;  h  ,...,hn  e  k;  K  a  finite 

algebraic  extension  of  k;  at . am  e  C;  dl,...,dn  e  C;  and  L t , . . . , Lm 

are  linear  logarithmic  expressions  over  K  (  log(1  -  h  l ) , . . . ,log( 1  -  hn)  }. 
Then,  if: 

(n  m 

f  -  l  d1£1(hj)  -  I  ai  log  Lt  e  K(log(1  -  h,) . log(1  -  h„) ) 

J-1  i-1 

(1.10) 

Z  f  is  a  simple  elementary-dilogarithmic  expression  over  k. 

Proof:  Let  r  -  trans-degree  K  (  log( 1 -ht ),..., log( 1 -h  )  )  over  k. 

If  r  -  0,  then,  by  Ostrowski's  theorem,  log(1  -  h j )  e  k  (1  (  j  ^  n)  --> 

K  (  log(1  -  h,) . log(1  -  hn)  )  -  K,  and  Lj  e  K  (I  i  i  ^  m).  So,  (1.10) 


Implies  that: 
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n  m 

f  -  I  d.i.  (hO  +  l  a,  log  L,  ♦  g,  g  e  K,  L,  e  K 
J-1  i-1 


(  n  ">  , 

— >  I  f  -  I  djD(hj)  +  8  +  l  ai  log  Lj  -  j  l  dj  log(1  -hj)  log  hj 

So,  if: 

Sj  -  -  J  dj  log(1  -  hj)  e  k,  we  get: 

(k  m  n 

f  -  l  djD(hj)  +  8  +  I  at  log  Li  ♦  l  Sj  log  hj, 
j-1  i-1  j-1 

Sj  c  k,  g  e  K,  L|  e  k 

So,  by  lemma  1 ,  /  f  is  a  simple  elementary-dilogarithmic  expression 
over  k  and  the  proposition  is  proved  for  r  -  0.  Let  r  be  greater  than  0 
and  assume  without  loss  of  generality  that  log(1  -  h^,  ...  ,  log(1  -  hr) 
are  algebracially  independent  over  K  so  that  by  Cstrowski’s  theorem  again 
we  find  constants  Cjp  such  that: 

r 

log(1  -  hj)  -  l  Cjp  log(1  -  hp)  +  Rj, 

p-1 

where:  Rj  e  k,  r  <  j  £  n  (**) 

So,  K  (  logO  -  h^,  logO  -  h2) . logO  -  hn)  )  -  K  (  logO  -  hj), 

logO  -  h 4) ,  ...  ,  logO  -  hr)  ). 

Let  K,  -  K  (  logO  -  h,),  ...  ,  logO  -  h,  ),  logO  -  h,  ),..., 
logO  -  h_)  )  (1  O.O).  Clearly,  t,  -  logO  -  h,  )  is  transcendental 

*  *  0  A  o  A  o 

over  since  we  have  assumed  that  logO  -  h j )  0  <,  j  <  r)  are 
algebraically  independent  over  K. 

For  each  i0  e  {1,2,...,r},  let  I0  be  the  subset  of  {1,...,m}  such 
that,  for  all  1  e  I.,  Li  is  dependent  on  t{  -  logO  -  h{  ).  Then,  0.10) 
Implies  that: 


V* 


n  m 

t  -  l  di £  (h1 )  -  l  a.  log  L,  e  K,  (t.  ) 
J-1  J  J  i-1  0  lo 


(1.11) 


We  want  to  prove  that: 


l  a,  log  L, 

lei. 


and  that: 

n 

f  "  I  d1£J(hi)  -  l  a.  log  L.  e  Kt  [t,  ]  (1.12) 

j-1  J  J  UI0  0  0 

Once  (1.12)  is  proved  for  each  index  i 0  e  {1,...,r},  we  deduce  that: 

[  f  -  l  d,£  (hi)  -  l  a.  log  L,  e  KOt,  ] 

)  J-1  J  J  i  £I  o  o  l.ctl . r} 

-  K[tlft2,...,tr] 

where  I00  is  such  that,  for  all  i  e  Ioa,  is  net  dependent  on  any 

tj  -  log(1  -  hj),  for  all  j  e  {1,...,r}.  So,  LA  c  K  for  all  i  e  I((l  and: 

f  f  -  l  d j  £  2 ( h j )  [  at  log  -  P(t, . tp) 

J  J-1  id,, 

where  P  is  a  polynomial. 

So,  let  K  -  K .  -  K(t,,...,t,  ,t,  ,...,tr)  and  t  -  t,  .  Then, 

0  x0  1  1  A  0 

if  depends  on  t,  -  b^t  *  r^,  where  r^  e  K0,  and  is  a  constant, 
b^  *  0.  By  assumption,  we  had: 

/  n  m 


t  -  l  d,£2(h1)  -  l  aL  log  Li  -  g(t)  e  Kfl(t) 
J-1  i-1 


(1.13) 


If  K°  is  a  finite  normal  algebraic  extension  of  K  where  g(t)  splits  into 


linear  factors,  we  write: 


g(t)  -  g.(t)  ♦  l 


a,  8 


a, 8  (t  -  Ta)' 


ra,8  e  K°’  Ta  e  K°> 
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a  and  8  range  over  a  finite  set  of  integers,  and  g0(t)  £  K°[t], 
(1.13)  yields: 

•  .  * 
n 


n  hi  m 

f  -  i  dj  f:10*"  '  V  '  i.  ai  l?-  *>>  -  i 

j-1  J  1-1  1  a, 


a,  6 


8  (t  -  T0)' 


Br  ft(t*  -  T  ) 
r  o«  8  a 

+  z.  - ■ —  -  0 


(t  -  Ta) 


S+1 


(1  .Vi) 


The  key  idea  in  the  on-going  proof  is  that,  when  we  use  the  relations  (**) 
on  page  (8),  the  expression: 


n  n. 

f  -  l  d,i  log(1  -  hi) 
j-1  J  hJ  J 

is  a  linear  polynomial  in  t  over  K0.  Also,  g^(t)  is  a  polynomial  in  t 
since  t'  --(1  -  hi  )'/(1  -  hi  )  e  k.  So: 

1  n  1  a 


l 

depends 
on  t 


L<  r~  Q  ^  Bra, B  ’  '  "  Ta} 


*i  r  a,  8 
a,  ; - )  - 

Li  a,B  (t  -  T  ) 8 


(t  -  TJ8+1 


must  cancel. 

Let  I,.  -  {i  such  that  Lj  -  b^t  ♦  r^,  bj_  *  0}  and  i£  -  {1,...,m}  -  It. 
( 1 .14)  then  becomes: 


n  h!  r!  (b,t'  +  r!) 

f-  l  dj  Tji  log(1  -  hj)  -  l  —  -  l  at  —  TT~1 
j-1  J  hj  J  i elf  1  ielt  bit  i' 


1*  .  ,  . 

"  8a(t) 


-  I 


a,8  (t  -  To) 


r'  a  8r  „(t'  -  t') 

- ' -  +  £ - - - - -  -  0,  where:  r^  e  K0  (1.15) 


S 


(t  -  Ta)8*1 


First,  t'  -  #  0,  otherwise  we  would  have  t'  -  T^;  and  for  each 

o  e  Awt(K °/K 0)  we  have  t*  -  o(Ta)'  -->  CK°:K0]t'  -  Tr(Ta)'  — > 

t  -  1/[K°:K0]  Tr(Ta)  +  C,  where  C  is  a  constant  and  Tr  is  the  trace  map 

from  K°  to  K0.  But  this  gives  a  contradiction  since  t  was  supposed  to  be 

transcendental  over  K„. 

0 


So,  if  we  look  at  the  partial  fraction  decomposition  we  have  in 
(1.15),  we  deduce  that  r„  a  -  0  for  all  a,  8.  and  we  get: 

CXt  p 


n  h1  r, 

f  -  l  dJ  hflo*(1  -  hJ}  '  .  L  ai  77 

J-1  J  ielt  i 


(bit'  +  r, ) 


1  i  ;  , 

Jlt  31  Olt  ♦  rt)  -  «.<»  -  ° 


which  also  implies  that: 


( t  *  +  rt) 

i L ai  *  ri) 


(by  looking  at  partial  fraction  decomposition).  Also,  go  e  K°[t]  K  (t) 
— >  g„  e  Ko[t],  and: 


l  ai  log  -  constant 
ielt 

By  induction  on  t  *  tj  e  {log(1  -  ht) , . . . , log( 1  -  hr)},  we  deduce 


that: 


i  n 

g(tj,...,tp)  -  J  f  —  \  dj?,2(hj)  ~  J  a^  log  e  K[t, , . . .  ,tp] 

J  j-1  iel00 

w  0  0 

and  e  K  (1.16) 

We  claim  that  g  is  a  polynomial  of  degree  2  with  constant  coefficients,  for 

all  the  terms  in  t,,...,t_  of  degree  2.  In  fact,  let  A  t“,...t“r 

i  r  OiOj. . . Op  «  r 

be  one  monomial  in  the  leading  homogenous  term  of  g,  with  A  *  0. 

®i°i • •  •  ®r 


Then: 
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Assuming: 

l  «j  ^ 

J-1 

and  noticing  that  the  derivative  of  the  right-hand  side  of  (1.16)  is  of 

degree  1  in  t: . tp,  we  deduce  that: 

a'  -  0  »»>  A  is  a  constant 

Ct  i  *  •  •  Ctf  Ot  j  •  •  •  Ctp 

If: 

l  >  2 

j-i  J 

then  there  exists  i  „  such  that  a,  •  0.  The  coefficient  of 

0  1  0 

. . .t®1 °-1 . . .t“r  must  be  zero  in  the  derivative  of  g(ts . tp). 

So: 

Aa1 ...  cxrai  o  i  o  ai  a2  •  •  •  ai  0—1  •  *  •  ®r 

^  .  1  1  ii  ^  j _ i 

i0  A  ato2.  •  .a^  -i  . . .  aip 

a , . . .  ar  o 

where  C  is  a  constant.  But  this  is  a  contradiction  3ince  t  is 
transcendental  over  K. 

So,  we  deduce  that  g  is  a  polynomial  of  degree  2  with  constant 
coefficients,  for  all  the  terms  in  t ,,..., tp  of  degree  2.  That  is: 

r 

g(tj,...,tp)  *  A0  +  £  +  £  Aa,S^a^8 

p-1  a, B 

82  a 


whcrs  t^i  tg  c 

and 

Aa  g  are  constants 

r 

r 

f  f 

81 ( t ^ , • • • , tp)  *  A0  + 

I 

P-1 

Ap&p  +  ^  APCP 

p-1 

♦ 

I 

Aa,  BtatB  +  ^  Aa, 

a,  B 

a,  S 

82  a 

82  a 

.17) 


and: 
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g 


n  hj  m  Lj 

'(t. . t  )  -  f  ♦  l  d,  ~  log(1  -  h.)  -  l  aL  — 

j-1  J  hJ  J  i-1  Li 


(1.18) 


Using  the  dependency  relations  (**)  (page  8),  we  obtain  from  (1.17) 
and  (1.18): 


r  n  hi 

f  -  A0  -  l  A  t  -  l  dj  —  Rj 
p-1  j-r+1  J 


r 

l 

P-1 


t 

hA 


dp  h  '  .  I  Cjpdj  hi  +  2Apptp  +  ^  AaPfca  +  Ap 

P  j-r+1  J  a»p 


(where  AQp  -  Apa  if  a  >  p). 

From  the  above,  we  deduce  that: 


h_  n 


2Apptp  +  ^  Aapta  ’  ‘  dp  h  . 

a*p  P  j-r+1 


and,  by  integration,  we  get: 


1 


Appfcp  +  ^  2  Aapta 

a«*p 


1 

2 


-  dn  1°8  hn  -  I  clDd1  lo8  hj  -  A 


-n  o  “p  L  ~1p  j 

P  V  j-P  +  1  J 


♦  c. 


where  Cp  is  a  constant. 

Notice  that  we  can  write: 

r  r 

g( t j , . . . , tp)  ■  A0  +  \  Aptp  +  \ 

p-1  p-1 

and,  using  (1.19)  and  (1.16),  we  get: 

n  r 


(1.19) 


Appfcp  +  ^  2  Aapta 

o«*P 


f  f  -  J-  dJl*(hj)  +  Ao  +  £  Aptp  "  2  J-  Aptp  *  \  Cptp 

J  j-1  p-1  P-1  .  P-1 


l 

p-i 


dp  log  hp  *  J+1  Cjpdj  l0g  hj 


t p  +  1  a1  log  Lt 


i-1 


which  gives: 
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r  . 

f  ■  ^  dj  [  l2(hj )  *  1  (log  hp)  tp  ] 

r 

>  +  £  'jpS  log  hj 

1  r  r  m 

+  Ao  ♦  J  l  Vp  *  l  cptp  +  I  ai  log  4 

p-1  p-1  i*1 

But  we  had: 

I  Ojptp  -  lOBd  -  hJ>  -  Bj 
P-1 

for  j  e  (r+1,...,n}  and  t  -  log(1  -  h  ).  So: 

n  n  .  r 

f  -  I  djD(hj}  "  l  dlRj  log  hj  +  A0  +  2  l  AP  log(1  "  V 

j-1  j-r+1  p-1 

r  m 

+  I  c  log(1  -  hD)  ♦  I  a <  log  Lj, 
p-1  F  w  i-1 

Rj  e  k,  A0,Ap  e  K,  Lj  e  K 

and,  by  lemma  1 ,  /  f  -  S,  where  S  is  a  simple  elementary-dilogarithmic 
expression.  This  completes  the  proof  of  proposition  1 . 

If  we  go  back  and  look  at  the  definition  of  t  dilogarithmic  over  k  we 
observe  the  following  fact:  t  is  defined  up  to  a  constant  multiple  of  a 
log,  or,  more  precisely:  if  t'  -  -  a'/a  iji,  where  tp*  -  (1  -  a) '/(I  -  a), 

tp  is  defined  up  to  a  constant.  So,  t|>[  -  (1  -  a)'/(1  -  a)  — >  tp,  -  c  *  tp, 

where  c  is  a  constant,  and  this  implies  that  t'  -  -  a'/a  (i|>t  -  c)  - 
-  a'/a  \j>j  +  c  a'/a  — >  t  is  defined  up  to  c  log  a. 

This  motivates  considering  the  dilog  as  defined  mod  the  vector  space 
generated  by  constant  multiples  of  logarithms  over  k.  We  denote  from  now 
on  this  vector  space  by  Mk  for  any  differential  field  k  of  characteristic 


n 

I  dJ 

j-r+1 


Mhj 


zero. 
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Lemma  2:  If  k  is  a  differential  field  of  characteristic  zero,  then 
D(1/f )  ■  -  D(f )  mod  Mk. 

Proof : 


So: 


°'(j)  -  +  +  I 


,  m  -}Y 


1  ‘  7 


where: 


l '-7  !' 


7 


1  ^ 


and 


9' 


iij 

f 


(1  -  f)»  f' 

*  ~  (1  -  f)  f 

-->  d*  (  7  )  *  (  logo  -  n  -  log  r  ) 


r 

f 


1  r  O  -  f)'  f  i,  ,  .  • 

“  ~2  1  (1  -  f)  f  '  log  '  mod  Mk 

« >  D»  (  7  )  *  7-7*  log(1  -  f)  -  j  j~  ff))'  log  f  -  -  D'(f)  mod  Mk 

-->  D  (  j  )  *  -  D(f )  mod  Mk 

(Mk  is  the  apace  of  derivatives  of  Mk). 

Proposition  2:  Let  k  be  a  differential  field  of  characteristic  zero, 
and  let  8  be  transcendental  over  k  with  k ( 0 )  being  a  differential  field. 

Let  f ( 0)  e  k(e)  and  K  be  the  splitting  field  of  f ( 9)  and  1  —  f ( 0) .  We 
define,  if  a  is  a  zero  or  a  pole  of  f(0),  ordaf(e)  to  be  the  multiplicity 
of  (0  -  a);  this  is  positive  if  a  is  a  zero  of  f(e)  and  negative  if  a  is  a 
pole.  Then,  there  exists  f(  e  k  such  that: 

D(f(e))  ■  D(ft)  ♦  l  ordb(1  -  f)  ordaf  D  (  )  mod  Mk(0)  (A) 

a,  b  s 

where  a  and  b  are  the  zeros  and  poles  of  f  and  (1  -  f),  respectively. 
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Proof:  Let  f(e)  -  fo  P(0)/Q(0),  where  f#  e  k,  and  P(e),  Q( q)  are 
relatively  prime  polynomials  over  k  which  are  monic.  We  can  also  assume 
that  deg  P ( 0)  2  deg  Q(@),  otherwise,  using  lemma  2,  we  replace  f  by  1/f. 


1  -  f(e) 


Q(e)  -  f0P(e) 

oTe) 


g  siai 

g°  Q(0) 


where  g0  e  k,  and  R ( 0 )  is  a  monic  polynomial  relatively  prime  with  both  P 
and  Q. 


First  step: 


D'(f)  -  logo  -  f)  ♦  1  log  f 

is  well-defined  mod  MK(g).  We  can  check  easily  that,  if  a  *  b  and  a,b  e  K, 
then: 


D*  ( 


0  -  b 


)  *?  ( 


0  -  b 


- 


b'  -  a* 
b  -  a 


)  log( e  -  a) 


0' 


0 


I  -  a  f 


... 


0  -  a 
0*  -  b' 


3  )  log( 0  -  b) 

)  log(b  -  a)  mod 


0  -  b 

(This  is  because  log  gh  -  log  g  ♦  log  h  +  constant,  and  log  1/g  -  -  log  g 
+  constant.) 

Second  step:  Consider  the  set  I s  ■  {  (a,b)  |  a  is  a  zero  of  P  or 
of  Q,  b  is  a  zero  of  R  or  of  Q,  but  whenever  one  of  a  and  b  is  a  zero 
of  Q  the  other  is  not  }.  (So  the  set  (a,b),  a  zero  of  Q  and  b  zero  of  Q, 
is  excluded. ) 

We  have: 


r  P(e)  +  „  R ( 0) 
•  QToT  g°  Q( 0) 


<—>  foP(0)  ♦  goR(0)  -  Q( 0) 


(B) 

(C) 


Let  us  compute: 
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l  +  orcLf  ordb(1  -  f)  -f  log(0  -  a) 
(a,b)el,  3  b  b  ‘  a 


b'  -  a’ 
b"  "  i;  ~  a" 


♦  y  l  ord  f  ordb(1  -  f) 
(a, b) el j 

We  call  the  above  quantity  or  sum 


log( 0  -  b)  mod 


s,--i  I  ordaf 


a  zero 
of  F 


J  l  ordaf 
a  zero 

of  Q 


J  l  ordb(1 

b  zero 
of  R 


l  ordh(1  -  f) 


b  zero  of 
(1  -  f) 


I  ordb(1 

b  zero  of 


-  f) 


f) 


♦  y  l  °rdb( 1  "  f) 

b  zero 
of  Q 


a  zero  of 
f 


a  zero  of 
P 


ordaf 


b  -  a 


b'  -  a' 

b  -  a 


b'  -  a* 
b  -  a 


ordaf  -T 


-  a 


since  (a,b)  e  Ij. 

Now,  (B)  above  implies,  if  a  is  a  zero  of  P,  that: 


S 


R(a)  ,  .  8»  .  R* (a)  «’(a)  _ 

•  q(3t  ■ 1  t.  'rut  '  -q nr  ■ 0 


but,  as  we  can  easily  check: 


l  °^db(1 

b  zero  of 
(1  -  f) 


b*  -  a1  _  R' (a)  _  Q' (a) 
b  -  a  ”  R(a)  Q(a) 


(where  a  is  a  zero  of  P). 


t 


Also,  if  b  is  a  zero  of  R, 


we  have,  using  (B)  above: 


-  1 


P' (b)  Q' (b) 
P(b)  Q(b) 


MK 


log( 0  -  a) 


1 og ( 0  -  a) 


log( 0  -  b) 


log(0  -  b) 


(2.1 ) 
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So  we  get: 


a  zero  of 
f 


ord  f 

a  b  -  a 


a_l  P'  (b)  Q»  (b) 
P(b)  Q(b) 


(2.2) 


(where,  in  the  above,  b  is  a  zero  of  R). 
Now,  we  look  at  the  sum: 


J  l  ordaf 


a  zero 
of  Q 


l  ordb(l 
b  zero  of 
R 


-  f) 


b'  -  a' 
b  -  a 


+  J  l  ordb(1  -  f) 
b  zero 
Of  Q 

°  s2  “  J  l  ordaf 
a  zero 

of  Q 


a  zero  of 
P 


orV  T" 


a' 


log( 0  -  a) 


log( e  -  b) 


[  -  ordb(1  -  f) 


b  zero  of 
R 


b*  -  a* 
b  -  a 


+  l  ordhf 
b  zero  of 
P 


b'  -  a’ 
b‘  b  -  a 


log(0  -  a) 


But  the  relation  foP(0)  ♦  g0R(9)  -  Q( e)  implies,  if  a  is  a  zero  of  Q, 


that: 


f#P(a)  +  g„R(a)  -  0 


--> 


> 


f0  p.(a)  80  Rt(a) 

77  +  TTIT  -  77  *  TOT 

f  » 

P'  (a)  R'  (a)  f_°  £0 

TUT  '  R(a)  *  g0  ~  f# 


(2.3) 


and: 
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I  ordh(1  -  f)  fr-L"  a1  _  _  R'  (a) 


b  zero  of 
R 


b  -  a 


R(a) 


♦  l  ordwf  ^—*1  - 
b  zero  of  d  a 

P 


(2.3)  and  the  above  imply  that: 


if  a  is  a  zero  of  Q 


s2  "  J  l  ordaf 
a  zero  of 


r  f  . 1  -1 
fo  _  £o 

L  8  0  **  O  J 


log( 0  -  a) 


which  is  exactly: 

Q  1  v 

Sa  "  "  f  i  ordb( 1  “  f)  7-  log( 0  -  b) 
b  zero  of  r  - 

Q 


*1  l  °rdaf  ~  log(e  -  a) 
a  zero  of  8 

Q 


(2.1)  and  (2.2)  imply,  respectively,  that: 


1 

2 


l  ordaf 
a  zero  of 


l  ordh( 1  -  f) 


b  zero  of 
(1  -  f) 


b*  -  a' 
b  -  a 


log(e  -  a) 


1  r.  ®0 

2  i  ordaf  —  iog(0  -  a) 


a  zero  of 
P 


This  sum  will  be  denoted  by  S,. 

I  ordh(i  -  f) 
:r< 

R 


*2  L  ubv 

a  zero  of 


l  orV 

a  b  -  a 


a  zero  of 
f 


log( 9  -  b) 


1  r  ,  ^  o 

m  2  i  ordb°  ~  f)  7-  log(0  -  b) 
b  zero  of  1  * 

P 


This  sum  will  be  denoted  by  SH. 
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Now,  S,  -  S2  *  Sj  +  S%,  and  by  regrouping  the  terms  in  S„,  S  ,  and  S 

2  J  b 

we  deduce  that: 


S  -  ♦  1  T 

1  2  ^  a  g 

a  zero  or  pole  6 

of  f 


ordaf  —  log(  0  -  a) 
0 


1 

2 


I  ordb(l  -  f)  —  log( e  -  b) 

b  zero  or  pole  1  o 

of  (1  -  f) 


Now,  consider  the  four  following  sums: 


zs  l  ordaf 

a  zero  of 


l  ordb(l  -  f)  iog(b  -  a) 
b  zero  of 
(1  -  f) 


-“i  I  ordb(1  -  f) 
b  zero  of 


l  ordaf  log(b  -  a) 
a  zero  of 
f 


m+i  l  ordaf 
a  zero  of 


I  ordb(l  -  f)  log(b  -  a) 
b  zero  of 
R 


l  ordb(1  -  f) 
b  zero  of 
Q 


l  ordaf  log(b  -  a) 
a-  zero  of 
P 


9*  -  a' 
0  -  a 


9'  - 
9  - 


1  Q*  ~  a* 
9  -  a 


9'  -  b' 
0  -  b 


and:  zt  •  E2  ♦  E,  ♦ 

It  follows  inunedlately  that: 

r  -  l  4  ordaf  ordb(1  -  f)  (  0,“a'  9’  '  b' 


*1  L  p 

(a,b)el ,  c 


0  -  a  9  -  b 


)  log  (b  -  a) 


Now,  and  as  before,  integrating  (2.1),  (2.2),  and  (2.3),  we  deduce: 

I  ordb(1  ~  f)  log(b  -  a)  -  log  R(a)  -  log  Q(a)  +  etc. 
b  zero  of 
(1  -  f) 


“  log  g„  +  etc. , 


where  a  is  a  zero  of  P 


(2.1 » ) 


cricx 
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£  ordaf  log(b  -  a)  -  log  P(b)  -  log  Q(b)  +  etc. 
a  zero  of 
f 


log  f  +  etc.,  where  b  is  a  zero  of  P. 


(2. 2' ) 


l  -  ordb(1  -  f)  log(b  -  a)  +  £  ordb(f)  log  (b  -  a) 

b  zero  of  b  zero  of 

R  P 

*  log  g0  “  log  ?0  +  etc.,  where  a  is  a  zero  of  Q  (2.3') 

Plugging  (2.1'),  (2.2'),  and  (2.3')  in  E3,  E^,  and  E2,  respectively, 

and  regrouping,  as  we  have  done  for  computing  S  ,  we  obtain: 


I 

a  zero  or  pole 
of  f 


ordaf  9'e  I  a'  108  go 


+  I  l  ‘  f>  tH'  108  fo  m°d  MK(0) 

b  zero  or  pole 
of  (1  -  f) 

(This  is  because  we  had  constants  in  relations  (2.1'),  (2.2'),  and  (2.3').) 
Third  Step:  We  compute  D'(f(e))  mod  ,  which  can  be  immediately 


verifed  to  be: 

D'(f(0))  -  -k 


“  \  [  *  l  ordaf 
L  a,b 


ordK(  1  -  f)  7~r~  aA 1  log(e  -  b) 


(9  -  a) 


♦  l  ordaf  ordb(1  -  f)  ^  log(e  -  a) 
a,b 


] 


*  T  l  ordaf  Te  108  g«  *  T  £  ordb(1  "  n  V9~~-  TT  lo«  f 


'•  2 


(0  -  b) 


i  t.  i  8  o 

-  *5*  I  ordh(1  -  f)  —  log(  0  -  b)  ♦  ^  ord  f  T"  i08(  9  ~  a) 

1  ft  ^  a  5ft 


1  ^0  1  ®0  I 

'IF108  g.*  2  F  108  f°  mod  MKC e) 

0  °  0 


(where  aEb  runs  over  all  zeros  and  poles  of  f  and  1  -  f,  respectively, 

|  runs  over  the  zeros  and  poles  of  f,  and  ^  runs  over  the  zeros  and  poles 


of  (1  -  f)) 


The  term 
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Case  2:  If  deg  P  -  deg  Q  (and  f0  *  1),  then  the  leading  coefficient 

>  8, 


of  Q(8)  -  f0p(e)  is  1  -  f0 


a 

1  “  f. 


f  *  s' 

1  1  0  1  60 

“  2  ?7  108  g#  +  2"  g7  I08  f  0 


1  fo 

-  -  jt  logd  -  fo) 
0 


,  <’  -  <■.)’ 

*  2  (l  -  f J  l0S  f» 


and  we  take  fj  in  proposition  2  to  be  ffl. 

Case  3s  deg  P  -  deg  Q  and  f o  *  1 . 

Let  I  -  {  (a,b)  |  a  pole  or  zero  of  f,  b  pole  or  zero  of  (1  -  f) 
Then,  I  -  Ij  »  {  (a,b)  |  a  zero  of  Q,  b  zero  of  Q  }.  But: 

z  -  a 


d  ( )  ■  -  D  ( 


z  -  a 


z  -  b 


)  mod  M 


KC  0) 


— >  Z  ordaf  ordb^1  “  f)  D  (  —  —  )  •  0  mod  MK(  Q) 

(a,b)el-lj 


l  ord  f  ordb(1-f)  D  (  ) 

(a,b)elj  z  a 

*  l  ordaf  ordb(1  -  f)  D  (  )  mod  MK(0)  (2.6) 

(a,b)el 

Now,  deg  P  -  deg  Q,  and  f#  -  1  — > 

1  -  f  -  Q(  9-q-(-q)P(  9-}  — >  deg  (  Q(8)  -  P(6)  )  <  deg  Q(  0) 

But,  since: 

D(f )  ■  -  D(1  -  f)  »  D  (  -p  j  f  )  mod  MK(0) 


and: 


l  ord  f  ordb(1  -  f)  D  (  \  ~  ) 

(a,b) el j  30  2  a 


is  unchanged  if  we  replace  f  by  1/(1  -  f),  we  are  again  in  case  1. 
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But,  by  the  results  of  case  1  and  case  2,  and  relations  (2.5)  and 
(2.6),  proposition  2  is  proved. 

Lemma  3;  (Risch,  Kolchin.)  Let  k  be  a  differential  field  of 
characteristic  zero.  Assume  that  u  ,...,un  are  logarithmic  over  k  and 
v  exponential  over  k,  and  assume  also  that  k(v,u  ,...,un)  and  k  have  the 
same  field  of  constants.  Then,  if  v,ult...,un  are  algebraically  dependent 
over  k,  there  exists  an  integer  n  *  0  such  that  vn  e  k  (not  all  c^  are 
zeros)  and  constants  cJ,...,cn  such  that  E  c^  e  k. 

Proof :  See  Kolchin  [ _ ] . 

Corollary  3.1:  Consider  k(v,ut, . . . ,un) ,  defined  as  above.  Then,  if 
v  is  transcendental  over  k,  it  is  transcendental  over  k(u, , . . . ,u_) . 

Proof :  If  not,  then  by  lemma  3  there  exists  n  •  0  such  that  vn  e  k 
-->  v  is  algebraic  -->  contradiction. 

Lemma  4:  (Ostrowski.)  Under  the  assumptions  of  lemma  3  concerning  k 

and  ut . un,  let  t  be  primitive  over  k  and  assume  that  t,u|(...,un  are 

algebraically  dependent  over  k.  Then,  there  exist  c  ,...,en  constants  and 
s  e  k  such  that  t  -  E  c^  ♦  s. 

Proof :  See  Ostrowski  [ _ ]. 

Proposition  3?  Let  k  be  a  differential  field  of  characteristic  zero, 

8  primitive,  and  transcendental  over  k.  Let  a,,...,^  e  k  (a^  *  aj  if 

i  *  J),  u, . Ujjj  ek,  and  assume  the  existence  of  constants  c|,...,on, 

dlf...,da  such  that: 

n  m 

l  c,  log(  9  -  a<)  +  l  d.  log  u.  e  k(e) 

i-1  J-1  J  J 

(where  k  and  k(9)  (log(e  -  a,) . log  ujt...)  have  the  same  field  of 

constants).  Then,  c1-ca-...  -cn»0. 
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Proof :  As  in  the  proof  in  proposition  1 ,  by  considering  partial 

fraction  decomposition  (or  see  Rosenlicht  [1]). 

Proposition  4:  Let  k  be  a  differential  field  of  characteristic  zero, 

6  exponential,  and  transcendental  over  k.  Let  a,,...,an  e  k  (aj  ••  oj  if 

i  0  j,  and  aj  -  0  for  all  i),  u1»****um  e  k,  and  assume  the  existence  of 

constants  clt...,cn,  dlt...,dm  such  that: 

n  m 

l  cx  log(0  -  c^)  +  l  dj  log  Uj  e  k(e) 
i»1  j=1 

(where  k  and  k(e)  (log  Uj . log  um,log(0  -  a,) . log(0  -  c^))  have  the 

same  field  of  constants).  Then,  c,  -  ca  -  . . .  -  cn  -  0. 

Proof:  This  is  also  a  classical  result.  See  Risch  [1]  or 
Rosenlicht  *[1 ]. 

Corollary  3.2:  In  the  conditi^0  of  propositions  3  and  4, 
log(0  -  a, log(0  -  c^)  (aj  *  0  for  all  i  if  0  exponential)  are 

algebraically  independent  over  k(0)  (log  u, . log  u^). 

Proof:  If  log( 0  -  Oj),...,log(0  -  o^,)  were  not  algebraically 
independent,  and  since  log(0  -  a;) , . . .  ,log(  0  -  a^.log  u,,...,log  um 
are  plog's  over  k(0),  we  deduce  by  Ostrowski's  theorem  that  there  exist 

ct,...,cn  not  all  zero,  and  constants  dt . dm  such  that: 

n  m 

l  Ci  log(0  ^  a,)  +  I  d,  log  u.  e  k(e)  -»>  c,  -  c2  -  ...  -  cn  -  0 
1-1  j-1 

by  propositions  3  and  4  -->  contradiction. 

Proposition  5:  Let  k  be  a  differential  field  of  characteristic  zero. 

Let  0  be  transcendental  over  k  and  k(0),  k  have  the  same  field  of 

constants.  Let  s(0)  e  k(@)  be  such  that  s’(0)  e  k.  Then: 
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(1")  If  0  is  primitive  over  k,  s(e)  -  ce  +  v,  where  c  is  a  constant 
and  v  e  k. 

(2M )  If  e  is  exponential  over  k,  s(0)  e  k. 

Proof:  This  is  again  a  well-known  fact.  See  Risch  [1]  or 
Rosenlicht  [1]. 

Now  we  are  ready  to  prove  the  main  theorem  in  this  paper.  We  recall 
first  the  definition  of  a  dilogarithmic-elementary  extension  of  a 
differential  field  k,  which  is  a  differential  field  K  such  that  there  is  a 
tower  of  differential  fields  k  »  K0  ...  K^»K  all  having  the  same 

constant  field  and  for  each  i  -  1t...,N  we  have  one  of  the  following  three 
cases: 

(1")  *  Ki-](0i)»  where  0*  is  logarithmic  over  . 

(2")  *  Ki_i  ( 0i ) .  where  g1  is  exponential  over  Ki_1 .  We  also 

assume  Gj^  transcendental  over  Ki_1  in  this  case. 

(3")  K1_1(0i,e}),  where  0^  -  ia(a)  for  some  a  e  Ki_1  . 

Remark:  In  (3"),  Gj^  is  defined  up  to  a  constant  multiple  of  an 
element  <j>lf  such  that  »  (1  -  a)'/(1  -  a),  which  is  always  in  since 

£  Kj . 

The  number  N  will  be  called  the  length  of  K  over  k. 

Theorem :  Let  k  be  a  differential  field  of  characteristic  zero,  which 
is  a  Liouville  extension  of  its  subfield  of  constants  assumed  algebraically 
closed.  Let  f  e  k  and  suppose  that  there  exists  a  dilogarithmic-elementary 
extension  K  of  k  such  that: 

f  f  e  K 


Then,  /  f  is  a  simple  el ementary-di logarithmic  expression  over  k.  That  is: 
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1m  n 

f  -  g  +  l  3.  log  v,  +  l  d.Ddi,)  (n,m  are  positive  integers) 

J-1  j-1  J  J 

where  g,  s^,  v^,  hj  e  k,  and  the  dj’s  are  constants. 

Proof:  It  is  by  induction  on  N,  the  length  of  K  over  k.  If  N  -  0, 

then  /  f  -  g  e  k  and  the  theorem  is  proved.  If  N  >  0,  we  apply  the 

induction  hypothesis  to  f  e  and  the  tower  K2  ...  KN  -  K, 

to  obtain: 

(m  n 

f  -  g  +  I  3,  log  v,  +  l  di  D(h,) 

i-1  j-1  J  J 

where  gf  Sj,  v,  hj  e  KJt  and  the  dj's  are  constants. 

We  want  to  modify  equation  (3.1)  in  such  a  way  that  g,  s^,  vit  and  hj 

are  in  k  -  K0. 

For  this  we  consider  3  major  cases. 

Case  1 :  -  k(e)  and  9  logarithmic  over  k.  9  -  log  a,  a  e  k.  If  9 

is  algebraic  over  k,  then,  by  lemma  4,  0  e  k  and  there  is  nothing  to  prove. 

So,  we  assume  0  transcendental,  and  factor  v^,  hj ,  1  -  hj  over  k.  So 
we  will  be  working  over  k°,  the  splitting  field  of  these  quantities  which 
we  assume  normal. 

By  proposition  2: 

D(hj(e)>  ■  D(Hj )  ♦  l  ordahj  ordb(1  -  hj)  D  (  )  mod  Mko(0) 

where  Hj  e  k,  b,aek°,  a  «  b. 

So,  (3.1)  can  be  written  as: 

'  r 

f  ■  g(9)  ♦  l  3a(0)  log(  9  -  a)  l  3p ( 9 )  log  fp 
a  p-1 

.  I  djDCHj)  »  l  (fE-J  )  <3-1  ■> 

j-1  8.7 

where  dg>Y  is  a  constant,  Y,  8  e  k°,  Y  *  8,  fp,Hj  e  k. 
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Now,  we  order  the  B's  and  the  y's  in  the  following  way.  We  write  this 
set  as  a^.oidp  so  that  (a^  *  aj,  i  *  j): 

0  -  Y 


l  <b.y»  (fH) 

8,Y 


0  -  8 
0  -  a 


0  -  a. 


(  )*•••♦  d  ( 


d  D  . 

»*  v  0  -  a 


2 

0  -  a 


9  -  a. 


D  <  )  *  d=. 0  ( r^-r  )••••*»( 


- - —  ] 

0  -  an  J 

0  -  a. 


0  - 


“n 


*  l 

j>i 


0  ~ 


8  "  an-  J 

— ) 

+  constant  (3.2) 

(This  is  possible  because:  D  (  ( 8  -  )/( 0  -  aj )  ) 

■  t  D  (  (0  -  Oj)/(0  oj)  )  mod  MkO(0).) 

We  call  the  above  expression  reduced,  that  is,  (3.2).  For  example: 

0  -  a.  0  -  a.  0  -  a, 

d  d  f  -  )  ♦  d  D  (  -  1  +  d  D  (  -  ) 

»  1  0  -  a.  J  {  Q  -  a,  J  1  0  -  a,  1 


is  reduced,  while  the  expression: 


0  -  a 


d.  D  (  Trr  )  D  ( 


0 

is  not  reduced. 

So,  (3.1')  becomes: 


9  ~  <xl 
9  -  a. 


)  ♦  d,  D  ( 


0  -  a2 
0  -  a. 


n  r 

f  *  g(0)  +  l  Si(0)  log(0  -  cxi)  +  l  sD(  0)  log  f 
1-1  p-1 


s 


mi  ii  i  0  —  oti 

I  dj  D(Hj  )  *  l  l  dij  D  (  — —  ) 
-1  Jo  Jo  1-1  j>i  J  8  aj 


(3.3) 


(with  aj  ••  aj  for  all  1  *  j ) . 

Now,  we  take  the  derivative  of  (3.3)#  to  get: 

n  ( 8  -  ai ) '  n  f 

f  ■  g'(e)  +  l  Si(e)  —r? - r-  ♦  I  s,(e)  iog(e  -  a, ) 

i-1  te  ai '  i-1 

r  f*  r 

♦  l  sp(e)  T  +  £  3p(9)  log  fP 

p-i  P  p-i 


m  [  h!  ,  (1  -  H,  )’ 

^  dj  o  I  "  2  "ST  l0g(1  "  HJ  0)  +  2  (1  -  hT~ )  log  HJ  o 

J  0*  I  L  J  JO  J 

[f  •  » 

-  01  ~  a*  ou  -  au 

i  ) 108(0 "  aj} 

2  0  al  i  J 


“i  " 

0'  -  aj 

fli  "  aj 

0-  aj 

» 

0'  -  a- 

T< 

8'  -  aj 

0  -  Oj 

•H 

o 

1 

CD 

xi  ‘  aj} 


(3.4) 


Identifying  the  term  which  multiplies  log(8  -  a,),  we  get: 

i  »  ,  t 

,  a,  ~  a#  0  ~  a# 

3,(0)  ♦  I  J  (  T  '  T-a  )  d1J  “  0 
j>1  2  a>  aJ  9  aJ  J 


(3-5) 


This  is  because  the  log( 0  -  atj)  (1  £  i  £  n)  are  algebraically  independent 

over  k°(e)  (  log  Hj  #  (1  £  j8  £  m),  log(1  -  Hj  )  (1  £  j0  £  m),  log  fp 

(1  £  P  £  r),  log(a1  -  oj)  (i  <  J)  },  by  corollary  (3.2). 

Now,  (3.5)  implies: 

S,(0)  +  l  4  (  log( a.  -  a#)  -  log(0  -  a#)  )  d. ,  ♦  constant  -  0 
j>1  2  J  J  J 

which,  by  proposition  3,  gives  d^  -  0  for  j  >  1,  and  S,(0)  -  s,  is  a 

constant.  By  induction  we  prove  easily  that  djj  -  0  for  all  i,j  and  that 


S^e)  -  sA  is  a  constant. 
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n  r  m 

f  -  g(0)  ♦  l  3«  log( 9  -  a.)  +  l  3  '0)  log  f  ♦  l  d1  D(H,  ) 
i-1  1  1  p-1  P  P  ,  ,  Jo  Jo 


Jo"1 


(3.6) 


where  dj  ,  Sj^  are  constants,  ai  e  k  ,  and  fp,  Hj  e  k. 

At  this  point,  we  distinguish  two  cases: 

Case  1-a:  e  is  algebraic  over  k°  f  log  f  (1  p  <  r),  log  H. 
-  P  Jo 

(1  £  J0  £  m),  log(1  -  Hj  )  (1  £  j  0  £  m)  ).  So,  by  lemma  *J,  we  get: 

0  -  [  Op  log  fp  .  J  oJt  log  *  I  ajo  logo  -  HJs)  .  g 

where  c_,  c.  ,  a,  are  constants,  and  g  e  k°. 

P  Jo  Jo 

So,  Lj  -  0  -  Oj  is  a  linear  logarithmic  expression  over  k°  (  log  fp, 

...  ,  log  H,  ,  ...  ,  log(1  —  H .  )  ) ,  and  (3.6)  can  be  written  as: 

Jo  Jo 

i  •  m  m  r 

[r-  l  <*j  M«j_)  -  l  °‘i20  -  H,  )  -  l  o.i2(i  -  fD) 


Jo-1  V0 


Jo"1 


'J 


pal 

-  [  sK  log  Lt  e  F 

which  implies,  by  proposition  1,  that  /  f  is  a  simple  elementary-^ 
di logarithmic  expression  over  k  and  our  theorem  is  proved  in  this  case. 

Case  1-b:  8  is  transcendental  over  F  -  k°  (  log  fp  (1  £  p  £  r), 
log  H.  (1  £  J,  £  m),  log(1  -  H.  )  (1  <;  J  B  £  m)  ).  (3.6)  can  be  written 

Jo  Jo  0 


as: 


Hi. 


d,  D(H,  ) 
Jo  Jo 


g( 0)  *  l  3,  log ( 0  -  a. ) 
i-1 


♦  l  3p(9)  log  f  (3.8) 

p-1 

From  this,  and  as  in  the  proof  of  Liouville's  theorem,  we  deduce  that 
Sj:  -  0  for  all  1  £  i  £  n. 

Also,  by  proposition  5,  we  deduce  that  there  exists  c,  a  constant,  and 


v  e  F  such  that: 
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r 

g(e)  ♦  l  3d(9)  log  f  -  ce  +  v  (0  -  log  a) 
P-1 


30: 


'  n  m  r 

f  -  l  d1  i,(H,  )  -  I  O-l.d  -  Hi  )  -  l  0*8,  0  -  f  ) 

j,-i  J”  j.-i  J"  p-i  p 

-  c  log  a  e  F 

-->  by  proposition  1  that  /  f  is  a  simple  elementary-dilogarithmic 
expression  over  k,  and  the  theorem  is  proved  in  case  1  . 

Case  2:  Kl  -  k(0,0' )  and  0  -  H2(a),  where  a  e  k.  Let 

kj  -  k  (  log(1  -  a)  ).  So,  0'  e  kt.  If  0  is  algebraic  over  kJt  then,  by 

lemma  H,  0  e  kt.  So,  writing  (3.1)  again,  we  have: 
m  n 

f  -  g  +  l  log  vt  +  l  djD(h1)  (3.9) 

i-1  j-1 


where  g,  slt  vif  hj  e  k2. 

Then,  using  case  1  (the  logarithmic  case),  we  deduce  that  /  f  is  a 

simple  elementary-dilogarithmic  expression  over  k. 

So,  we  consider  the  case  8  transcendental  over  k  .  As  in  the  previous 

case,  (3.9)  can  be  written: 

In  r 

f  ■  g(0)  +  l  s,(e)  log(0  -  a,)  ♦  l  3  (0)  log  f 
i-1  p-1 

m  n-1  0  - 

♦  l  dj  D(H.  )  ♦  l  Z  d±J  D  C  — —  ) 
j0-1  i-1  j>i  J  6  aj 


where  fp,  Hj  e  kJ(  oj  *  aj,  i  <  j,  and  e  k®,  a  normal  finite  extension 
of  k  containing  the  roots  of  v^,  hj ,  and  (1  -  h j )  for  all  i,j. 

Now,  we  use  the  same  argument  as  in  case  1  ( 8  -  log  a)  and 


proposition  3  to  deduce: 
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(n  r 

f  ■  g(e)  ♦  I  3,  iog(e  -  c^)  +  I  3(0)  log  fD 
i-i  p-i  v 

m 

+  l  d1  D(H1  ) 

1-1  J  0  J  0 
J  0 

where  fp,  Hj  e  kt,  oj  e  k®,  and  s^,  dj  are  constants. 

We  also  distinguish  two  cases: 

Case  2-a:  8  is  algebraic  over  F,  -  k®  (  log  fp  (1  S  p  i  r),  log(Hj  ) 

(1  i  j0  i  m),  log  (1  -  Hj#)  (1  *  j0  £  m)  ). 

We  apply  again  the  same  argument  as  in  case  1-a  (using  lemma  4),  and 
obtain:  /  f  is  a  simple  elementary-dilogarithmic  expression  over  kt  -=*>  by 
case  1  and  since  f  e  k  that  /  f  is  a  simple  elementary-dilogarithmic 
expression  over  k. 

Case  2-b:  0  is  transcendental  over  F,  «  k°  (  log  fp  (1  £  p  £  r), 

log  HJo  (1  S  j0  S  m),  log  (1  -  HJo)  (1  ij0^)  ). 

Then,  from  (3.10)  and  as  in  case  1-b  (9  -  log  a),  we  deduce  that: 

-  0,  for  all  1  <>  i  i  N 

and  that  there  exists  c,  a  constant,  and  v  e  F  ,  such  that: 
r 

g(8)  +  l  3p(e)  log  fp  -  C0  +  V  (0  -  i,2(a)) 

P-1 

(3.10)  --> 

(n  m  r 

f-  1,  '’j.MV  -  i,  <>•*.<'  -hj.>  -  1  °*l»(1  -v 

J0-1  Jo"1  P”1 

-  ci2(a)  e  F,  -  Fj  (  log(1  -  a)  ) 

(since  log(l  -  a)  e  ks)  -->  by  proposition  1  that  /  f  is  simple  elementary- 
dilogarithmic  over  kx  -->  by  case  1  that  /  f  is  simple  elementary- 
dilogarithmic  over  k. 
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Case_3:  Kj  ■  k(0),  e  -  exp  a,  a  e  k,  and  6  transcendental  over  k. 

seen  before,  we  can  write  (3.1)  as: 

h-1  r 

f  *  g(e)  ♦  I  sAe)  iog(e  -  at)  +  l  3  (e)  log  f 

i-1  P-1 


As 


m 


only  (n  -  1 )  terms 


n-1 


♦  1  <*j  D(Hj  )  *  1  l  djj  D  (  ^  ) 

j0-1  Jo  i-1  j>i  J  0  aj 


(3.11 ) 


( aj  e  k  0 ) . 

In  this  case,  we  assume  that  -  0,  and  log  9  e  k  (o^  *  0  for  i  *  N) 
The  derivative  of  (3.11)  is  exactly  (3.4),  from  which  we  extract  the 
coefficient  of  log( 0  -  a,)  and  use  corollary  (3.2)  to  obtain: 

»  f  f  I 

,  .  a  -  ou  0'  -  a*  .  a.  , 

*  j,  I  (  ^  -  7^  )  ‘lj  *  1  ‘.»  (  ^  -  V  )  -  “ 

J*n 


— >  S.  ( 0)  ♦  Z  4  (  log( a.  -  a^)  -  log(0  -  )  )  d. . 

j>1  2  J 

j-N 

♦  4  diN  lo8  "  J  diNa  ■  constant 
(since  log  0  -  a  e  k)  — >  (by  proposition  (4): 


Mj 


0,  for  all  J  >  1 ,  J  »  N 


and: 


By  induction  on  i,  we  can  now  deduce  that: 
djj  -  0,  for  all  i  and  for  all  j  >  1 ,  J  *  N 


and: 
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t 

SI'«>  -Tdm  t-T'^  >  0  S  1  S 

So,  (3*11)  becomes: 


(3.13) 


n-1  r 

f  ■  g(0)  +  I  S^e)  log(0  -  c^)  +  l  s  (0)  log  f 
i-1  p-1 


m 


n-1 


0  “  04 


*  jl,  dJ.D(V  * 

n  (  0  -  a. ) '  n 

-->  f  -  g'(0)  +  l  St(0)  -r~ - r-  +  l  S  [  (  0 )  log(  0  -  a.) 

i-1  1 9  “  ai  i-i  1  1 

r  r 

+  l  3P(6)  f-  *  l  3d(9)  l08  fD 

P-1  p  P-1  p  p 


m  f  i  H1 

jl,  dj«  L "  2  ^77  108(1  '  HJ 

r  i ,  *'  -  “i  ■>; . ,  . 

[2  (  >  (a  *  0) 


0 
n-1 

*  i  d 


(i  -  h1  )• 

o)  +  2  (1  -  H1  )  l0g  HJo 
J  0 


0'  -  a> 


2  *•  0  0  -  a. 


)  log 


(3.14) 


(c  Is  a  constant  such  that  log  0  -  a  +■  c).  In  the  above  expression,  the 
coefficient  of  log(0  -  a^)  is  zero,  as  we  have  seen  before. 

Now,  by  corollary  3.1 »  9  la  transcendental  over: 

F#  -  k#  (  log  oj  (1  11  i  n-1),  log  HJo  (1  1  j0iD),  log(1  -  HJ(>) 

(1  1  J(  1  b),  log  fp  0  1  p  1  r)  ), 

On  the  other  hand,  we  choose  the  log  fp  (1  1  P  1  r)  in  such  a  way  that 

they  are  linearly  independent  and  transcendental  over  k°.  Then,  by  lemma  3 

and  corollary  (3.1).  they  are  algebraically  independent  over  k°(0). 
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From  (3.1*0 ,  we  deduce  that  there  exist  subsets  Jpl  Ipl  Tp  such  that: 
,  ,  Hi  .  0  -  Hi  )• 

3P( 0)  *  ^  ^  ~  *  ”7*  dj  0  ^  +  1  2  (1  -  H  °  )  dj 

JflcJn  Jo  J6eln  Jo 


r  1  j  (  0' 
l  i  din  (  a 


0'  -  cm 


2  in  *  e  e  - 


)  -  0 


(3.15) 


(this  is  the  coefficient  of  log  fp;  jp,  I  ,  Tp  exist  because  log  at , 

log  H4  ,  log(1  -  Hi  )  could  depend  on  log  f_). 

Jo  Jo  P 

By  proposition  H,.  we  deduce  that  din  -  0  for  all  i  e  T  .  So, 
sp(e)  e  k  -->  s  ( e)  -  sp  e  k  by  proposition  5  (for  all  p). 

So,  (3.1*<)  becomes: 

(  0  -  cm  ) '  r  f '  r 

f  ■  «■(«>  ♦  I  3,(6)  —  -  ,  .  I  >,r'  l ,  3pl0«fp 

1  p»1  P  p-1 


m  r  i  hi  ,  o  -  hi  )' 

^  dJo  "  2  hT1  108(1  ~  HJo}  *  2  Tl  -  ' H.°  )  l0g  Hj 

J  „*1  M  J  0  J  o 


n-1 

+  l  din 


9’  “  QM  O 


J.  )  (a  .  0)  *  i  (  T'T^-sf  )  108  °t 


9  - 


1  f  e'  9>  "  ai 

2  9  0  -  Qi 


(3.16) 


But,  from  (3.13).  we  had: 


Si(0)  “  i  din  (  T  “  ^  ^ 


— >  Sj(9)  ■  ~2  din  ^a  ~  lo8  «i )  +  °i ,  ci  is  a  constant  (3.17) 

So,  St  e  F,  •  k'  (  log  aL  0  S  i  S  n-1),  log  Hj  #  (1  $  j#  S  m), 
log(1  -  Hj#)  (1  $  J#  i  m),  log  fp  (1  £  p  i  r)  ). 

Computing  the  coefficient  of  (9  -  a^’/te  -  a,)  in  (3. 16),  we  get: 


n-1  8'  -  a. 

g*  ( 9)  +  l  (  si  +  J  di n  [  (a  *  c)  "  1°8  «i  ]  )  ,  ■  e  F 
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Considering  the  partial  fraction  of  g(e),  we  can  prove,  as  in  the 


proof  of  Liouville's  theorem,  that  (since  *  0): 

Sj  ♦  dln  [  (a  +  c)  -  log  ]  -  0,  for  all  i  i  n  -  1 

Comparing  with  ( 3 • 1 7 ) ,  we  deduce  that: 

din  [  a  -  log  ]  -  constant,  for  all  i  $  n  -  1 
We  claim  that  dln  -  0,  otherwise  we  would  have: 


a' - -  0 


0'  ai 


where  N„  -  [k°:k],  and  Norm  is  the  usual  norm  from  k°  to  k. 


So,  (3-20)  implies: 

(  0^0  Norm(a)  -  0  — >  0No  e  k  — > 


contradiction 


(3.18) 


(3.19) 


,>  N  91  .  Norm (a)'  _ 

o  Q  Norm(a) 


(3.20) 


dln  “  °»  for  a11  1  i  i  £  n-1 
which  implies  that  sj  -  0  by  (3.18)  — >  S,  -  constant  --> 

n-1  (0-04)'  r  f'  r 

f  '  8’(9)  *  si  75~-  ai)  *  \  SP  7T  *  \  3p  108  ft 

i-1  1  p-1  P  p-1 


(1  -  H,  )' 


1  \  dJo  ^  "  2  H,  l0g(1  “  HJ0)  +  2  (1  -  Tff  )  l0g  HJe  ^ 

J  0-1  Jo  Jo 

Let  F##  -  k9  (  log  fp  (1  S  p  i  r),  log  HJ#  M  (  j,  i  m),  log(q  -  Hjo) 
(1  £  j0  £  m)  ).  0  is  transcendental  over  F00,  and,  as  in  the  proof  of 

Liouville's  theorem,  we  get  Si  -  0,  for  all  i.  Also,  we  get 
g(0)  -  g  e  F  ,  by  proposition  5. 


V 


t  -  Z  di  d(h1  ) 

t  .  Jo  Jo 


8  +  l  3p  log  fp 


(m  m 

f  -  l  di  £  (H1  )  -  l  0-l_(1  -  Ht  ) 
J.-1  J°  J.-1  J° 


~  I  0-M1  -fp)*8£  Foo 

P-1 

■•>  /  f  is  a  simple  elementary-dilogarithmic  expression  over  k  by 
proposition  1 ,  so  the  theorem  is  proved. 
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